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A simple proof is given that the probabilities of observations in a large universe are not given 
directly by Born's rule as the expectation values of projection operators in a global quantum state of 
the entire universe. An alternative procedure is proposed for constructing an averaged density matrix 
for a random small region of the universe and then calculating observational probabilities indirectly 
by Born's rule as conditional probabilities, conditioned upon the existence of an observation. 
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I. INTRODUCTION 

In traditional quantum theory, the probabilities of 
observational results ("observational probabilities") are 
given by Born's rule [l| as the expectation values of pro- 
jection operators. This seems to work well in ordinary 
laboratory settings, where one is considering the obser- 
vations of a specific observer and knows where he or she 
is within the quantum state. However, in cosmology the 
universe may be so large that there are multiple copies 
of the observer, and one does not know where the copy 
is that makes the observation. In this case there is an 
additional averaging one must make over the possible lo- 
cations of the observer, and the resulting probabilities 
are not given directly by Born's rule from the full quan- 
tum state of the universe 0, S 0, S B H y ■ Here a short 
proof will be given of this fact. 

After this proof of the failure of Born's rule, I shall 
outline a prescription for replacing it, instead calculat- 
ing observational probabilities indirectly by forming an 
average density matrix for each small region and then 
calculating conditional probabilities for observations by 
applying Born's rule to this averaged density matrix. 



II. COMPLETE THEORIES OF THE UNIVERSE 

Assuming that a complete physical theory of the uni- 
verse is quantum, I would argue that it should contain at 
least the following elements: 

(1) Kinematic variables (wavefunction arguments) 

(2) Dynamical laws ('Theory of Everything' or TOE) 

(3) Boundary conditions (specific quantum state) 

(4) Specification of what has probabilities 

(5) Probability rules (analogue of Born's rule) 

(6) Specification of what the probabilities mean 

In this paper I shall not consider the questions of what 
the kinematic variables, dynamical laws, and boundary 



conditions are. I shall assume that observational results 
have probabilities but allow a rather arbitrary choice of 
what are considered to be observations. 

It is then the rules for extracting the probabilities of 
observations from a rather arbitrarily specified quantum 
state of the universe that I shall focus on in this Letter. 
I shall not address the question of what the probabil- 
ities mean, though personally I view them in a rather 
Everettian way as objective measures for the set of ob- 
servations with positive probabilities. 

In this viewpoint, a goal of science is to produce com- 
plete theories that each predict normalized probabili- 
ties Pjii) of observations Oj, 

P,{i) ^ P(P,\TC) with ^P,(z) = 1. (2.1) 



HI. THE PROBLEM WITH BORN'S RULE 



Traditional quantum theory uses Born's rule. 



(3.1) 
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where Pj is the projection operator onto the observa- 
tional result Oj (or observation j, for short), and where 
(. . .)i denotes the quantum expectation value, of what- 
ever operator replaces the . . . inside the angular brackets, 
in the quantum state i given by the theory T;. Born's 
rule works when one knows where the observer is within 
the quantum state (e.g., in the quantum state of a single 
laboratory rather than of the universe) , so that one has 
definite orthonormal projection operators. 

However, Born's rule does not work in a universe large 
enough that there may be copies of the observer at dif- 
ferent locations, since then one does not know uniquely 
where the observer is, so that one does not have a defi- 
nite projection operator Pj for the observational result. 
Then Born's rule is not well defined. 

To illustrate this by a toy model, suppose spacetime 
has distinct regions labeled by L, 1 < L < A, but 
suppose that each observer's observations do not deter- 
mine which specific region L that observer is in. Suppose 
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further that one gets a definite projection operator Pj" 
for each observation j within a definite region L, obeying 
PjPk — ^jkPj- That is, assume that one can neglect 
the possibihty that there are two indistinguishable ob- 
servers making observations j within any single region 
L, which is what would make it ambiguous which projec- 
tion operator to use. 

However, if the different regions can have copies of the 
observer which make different observations in different 
regions, one can have Pj"P^^ ^ for different observa- 
tions, j 7^ k, in different regions, L ^ M . That is, the 
copy of the observer in region L can get the observational 
result j, whereas the copy in region M can get the dif- 
ferent result k. Then if the observer tried to use Born's 
rule to give the probability of observation j, it would be 
ambiguous, since the observer does not know in which 
region L he or she is. 

One might try to use Born's rule with the projec- 
tion operator to the existence of the observational re- 
sult in at least one of the regions 0, 13, H S 0, HIj 
Pj(i) = {Tf'^^), with P^'^'"* = I - Hi (I - Pj'), where 
here I assume that all the projection operators Pj^ for 
the different regions L commute. But then the resulting 
probabilities Pj{i) will not be normalized, instead sum- 
ming to a number greater than unity, since the observa- 
tional result Oj can occur in one region and Ok within an- 
other within the same component of the quantum state. 
(That is, the different p^'^^'t's are not orthogonal.) 

This argument shows the basic reason why Born's rule 
does not work when there may be copies of the observer, 
as in cosmology with a large enough universe. Now let 
me give an explicit proof of this fact. 

IV. PROOF THAT BORN'S RULE FAILS 

To illustrate the problem with Born's rule and prove 
that one cannot obey Eq. (|2.ip with Born-rule probabil- 
ities Eq. ()3.ip , let us consider a toy model for a universe 
in which each component of the quantum state has two 
regions that can each have either of two observational 
results, either Oi or I shall assume that the obser- 
vational probabilities obey the following principles: 

Probability Symmetry Principle (PSP): 

If the quantum state is an eigenstate of equal number 
of observations of two different observations, then the 
probabilities of these two observations are equal. 

Prior Rule Principle (PRP): 

The rule for extracting probabilities from a quantum 
state are set down logically prior to the specification of 
the state; one can consider a different quantum state 
without changing the rule. 

For Born's rule, the PRP says that one should choose 
the set of orthonormal projection operators logically prior 
to choosing the quantum state, so that the rule should 
work with the same projection operators for all quantum 
states that are then considered. It is surely not correct 
to have to know the quantum state in order to choose 



the projection operators whose expectation values in that 
state are the probabilities. In order for the probabilities 
to depend on the quantum state in some reasonable way, 
the rule for extracting the probabilities from the state 
should not be allowed to depend on the quantum state in 
such an ad hoc manner. Here by the Prior Rule Principle, 
I shall assume that Born's rule is taken with a fixed set 
of orthonormal projection operators which can then be 
used for different allowed quantum states. 

Now, with the assumptions of the Probability Sym- 
metry Principle and the Prior Rule Principle, consider 
normalized pure quantum states with N = 2 regions of 
the form 

1^) =fei2|12)+fo2i|21), (4.1) 

with the complex amplitudes 612 and 621 being normal- 
ized to obey |foi2p + |^2iP = 1 but otherwise arbitrary. 
The component |12) represents the observation Oi in the 
first region and the observation O2 in the second region; 
the component |2I) represents the observation O2 in the 
first region and Oi in the second region. 

This quantum state is an eigenstate of equal numbers 
of observations of Oi and of O2 , iVi = A^2 = 1 of each, so 
by the Probability Symmetry Principle the probabilities 
Pi{i) and P2{i) should be the same for any theory Ti that 
gives a quantum state of the form given by Eq. (|4.ip with 
any allowed complex amplitudes 612 and 621- For these 
equal probabilities to be normalized in this case with only 
two possible observations, one needs Pi{i) — P2{i) — 1/2 
by the PSP. 

For Born's rule to give the possibility of both observa- 
tional probabilities' being nonzero, the orthonormal pro- 
jection operators should each be of rank one, of the form 

Pl = |^l)(V'i|, P2 = |V2)(V'2|, (4.2) 

where 

1^1) = C12II2) + C21I2I), |7^2) = -c*2,\12) + ct2|2I)(4.3) 

are two orthonormal pure states with complex ampli- 
tudes obeying |ci2p -l- |c2ip = 1. 

If one were allowed to choose the projection operators 
after the quantum state were known, one could choose 
C12 = {bi2 +b2i)/V2 and C21 = (621 - &|2)/V2 so that 
Born's rule would give (Pi) = (iplPilip) = 1/2^ (P2) = 
{tp\P2\tp) = 1/2, obeying the implications of the Proba- 
bility Symmetry Principle. However, this choice of the 
projection operators to depend upon the quantum state 
violates the Prior Rule Principle. 

If instead one follows the PRP and fixes the projection 
operators first, say as above with fixed normalized com- 
plex amplitudes C12 and C21 and hence fixed j^'i) and |'02), 
and then allows different possibilities for the quantum 
state with fixed projection operators, the choice of state 
IV^) = 1^1) gives (Pi) = (^|Pi|^) = (^i|V'i)(^i|V'i) = 
1 ^ 1/2 and (P2) = {^\P2H) = ii'Mii'M = ^ 
1/2. That is, for an arbitrary quantum state of the as- 
sumed form that has observations Oi and O2 definitely 
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occurring each exactly once, Born's rule with the Prior 
Rule Principle (state allowed to be independent of the 
projection operators) does not obey the Probability Sym- 
metry Principle (equal probabilities for observations that 
occur equal numbers of times). Therefore, if one restricts 
to theories obeying the Probability Symmetry Principle 
and the Prior Rule Principle and which have quantum 
amplitudes for the same observation to occur in different 
regions, the direct use of Born's rule fails. Born's rule is 
not directly applicable in such cosmologies. 



V. REPLACING BORN'S RULE BY VOLUME 
AVERAGING 

The preceding Sections show that the direct use of 
Born's rule with a global quantum state generally fails 
to give reasonable probabilities for observations in a uni- 
verse in which the same observation may occur at dif- 
ferent locations that the observer cannot distinguish. 
Then one cannot find state-independent projection oper- 
ators Pj such that the Born-rule observational probabil- 
ities Pj{i) — {Pj)i satisfy reasonable properties such as 
the Probability Symmetry Principle for a general global 
quantum state. 

Although many replacements of Born's rule are logi- 
cally possible [5l,l6l,0,[ll, here I shall give a rather natural 
procedure for gettingthe result of what I have called vol- 
ume averaging 0, |3] . The idea is that although Born's 
rule does not work for the global quantum state denoted 
by (. . it can work indirectly for predicting the ratio 
of observational probabilities from a local density matrix 
p{i) for a single region, as the ratio of values of tr(Pjp(i)), 
if one can formulate a procedure for getting such a local 
density matrix. 

Under this class of replacements of the direct Born 
rule, the logical ambiguity in the replacements of Born's 
rule would be the ambiguity of how to calculate the local 
density matrix p{i) from the global quantum state. A 
particular theory Ti of this form will produce a p{i) that 
depends not only on the global quantum state but also on 
the procedure for getting p{i) from it. Here I shall out- 
line just one specific procedure for getting a local density 
matrix p(i) whose resulting observational probabilities 
by the indirect application of Born's rule will obey the 
Probability Symmetry Principle. 

The PSP is not consistent with just taking p{i) to be 
the density matrix of a specific region L, if the density 
matrices of the different regions are different. Thus one 
needs some procedure for averaging the density matrices 
of the different regions. This is straightforward if there 
is a definite number of regions N, but there is an ambi- 
guity if the quantum state is a superposition of different 
numbers of regions. Here I shall make a particular choice 
within that logical ambiguity, corresponding to what I 
have elsewhere d, H, 0] called volume averaging. 

Continue with the toy model in which the universe may 
be divided into a finite number TV of different regions 



(varying with the component of the quantum state) , and 
assume that the quantum state of the universe is the 
pure state {ip) with normalized complex coefficients ajv of 
component states \iPn) that each have a definite number 
N of regions: 

IV) = Yl (5-1) 

where (V'mIV'Jv) = 5mn- 

Furthermore, write each component state with a defi- 
nite number N of regions as a superposition of orthonor- 
mal states in the tensor product of N regions that can 
each be labeled by either having no observation, 0, or by 
having the observation j, in the region L, 1 < L < N . 
That is, if one lets /xl be either if the region L has no 
observer or else j if the region L has the observation j, 
then the state for a definite N can be written as 

\^n) = E 

\piP2 ■ ■ ■ P'n), (5.2) 

fJ.l,fJ.2,---,fJ.N 

where the component state \p1p2 ■ ■ ■ Pn) has pi (either 
no observation, 0, or the observation Oj that is denoted 
by j) in the first region, p2 in the second region, and so 
on with all p^ for < L < iV up through ^jv. 

So far, I have just set up the notation for the global 
pure state. The first step of the procedure to calculate 
the local density matrix p{i) from this global pure state is 
to construct a global density matrix with no interference 
terms between states of different N, 

00 

^global^ ^ |„^|2|^^^^^^|^ (5.3) 

N=l 

The next step of the procedure is to trace over all N 
regions but L to get a local density matrix for the region 
L in the case of each fixed N: 

PLN{i) = trK=iL{\lpN){lljN\), (5.4) 

Since the observer does not know what region L he or she 
is in, for each N construct the average density matrix 

1 ^ 

PN^i) ^ j;^'YpLN{i)- (5.5) 

L=l 

From these averaged density matrices for each region, 
PN{i), and from the coefficients |aArp of the global den- 
sity matrix psiobai corresponding to the entire state (after 
suppressing the entanglement between different N), one 
can then calculate the final averaged density matrix for 
a single region: 

00 

= |awPPA'(«)- (5-6) 

N=l 

Assuming that one starts from a normalized global pure 
state \tp), this averaged density matrix p{i) for a single 
region is automatically normalized, tTp{i) = 1. 
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Now one can extract observational probabilities as con- 
ditional probabilities using Born's rule on this indirectly 
constructed averaged density matrix p{i). In particular, 
let be the projection operator in one region to /i (ei- 
ther no observation, /j — 0, or the observation Oj, fj, — j). 
Since P,. = I, (PmP(*)) - 1' so 



PpW =tr(P^p(z)) 



(5.7) 



can be interpreted as the probability of getting fi in the 
normalized density matrix p{i), 'E^Pi_i = 1- 

If the probability calculated this way of getting no ob- 
servation is positive, po{i) = tr(P^ip(i)) > 0, the result- 
ing probabilities of actual observations, Pj{i) with j > 0, 
are not normalized to sum to unity over the restricted 
set of actual observations: J2j>oPji^) ~ 1 ~ Poii) < 1- 
Therefore, they cannot be used directly as normalized 
probabilities of observations. However, one can read- 
ily get normalized probabilities of observations as condi- 
tional probabilities, conditionalized upon getting an ac- 
tual observation (fi — j > 0) rather than no observation 
{p = 0): 



tr(P,p(*)) 



(5.8) 



One can see that this procedure gives the same result 
as volume averaging (rather than, say, volume weighting 
or observational weighting) that I have described else- 
where [1, H, 0| ■ It will be left to the reader to give volume 
weighting or observational weighting in terms of a similar 
procedure of using Born's rule indirectly with a different 
averaged density matrix for a single region, but in terms 
of this type of procedure, those procedures seems some- 
what more complicated. Thus in the method used here, 
volume averaging seems simpler or more natural than 
volume weighting or observational weighting. 



VI. CONCLUSIONS 

The proof above that Born's rule fails in cosmology for 
a large universe shows that the quantum state of the uni- 
verse is not enough by itself to give the probabilities of 
observational results; one needs new rules for extracting 
these probabilities. This implies that the measure prob- 
lem in cosmology (see Q for many references) is more se- 
rious than might have been thought; it cannot be solved 
just by knowing the quantum state of the universe. 

I have argued previously 0, H, 0] that a partial so- 
lution of the measure problem, greatly ameliorating the 
Boltzmann brain catastrophe, is given by using volume 
averaging rather than volume weighting. In this Letter 
I have shown a simple natural way to get volume aver- 
aging by returning to Born's rule indirectly to calculate 
conditional probabilities of observations from a simple 
averaged density matrix of a randomly chosen small re- 
gion of the universe. 
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